Summary
understanding of these flows. Typically, weak oblique shocks occur at the stator and rotor airfoil trailing edges. The stator airfoil shock interacts with the other stator and rotor airfoils to set up a complex pattern of direct and reflected shock waves within the stage (ref. 5, 6) . The rotor airfoil trailing edge shock on the other hand interacts with the downstream LP stage. The efficiency penalties resulting from these shocks can be quite large. For example, Giles (ref. 5) notes that the unsteady shocks result in a 40% variation in the lift on the rotor, resulting in structural vibrations, increased losses, and temporary leading edge boundary layer separation on the rotor suction surface. Jennions and Adamczyk (ref. 1) report a turbine design where it was speculated that a 5.6% loss in efficiency was due largely to the HP rotor shock interactions with the LP turbine stator airfoils.
The main objective of this paper is to demonstrate that a systematic application of an aerodynamic design optimization method to a transonic turbine can enhance the turbine's unsteady aerodynamic performance without changing its size or reducing its efficiency and work output. A variety of formal optimization methods have been developed in the past and applied to turbine design. Some of these methods are reviewed in our earlier work (ref. 9).
More recently, the authors have developed a different approach to turbomachinery airfoil design optimization that is based on neural networks (ref. 10, 11) . This method offers several advantages over traditional optimization procedures. First, neural networks are particularly suitable for multidimensional interpolation of data that lack structure. They can provide a greater level of flexibility than other methods in dealing with design in the context of unsteady flows, partial and complete datasets, combined experimental and numerical data, the need to include various constraints and rules of thumb, and other features that characterize the aerodynamic design process. Second, neural networks provide a natural framework within which a succession of numerical solutions of increasing fidelity can be used in the optimization process. Here the termfideli_' is used to denote the extent to which the system of equations faithfully represents the physical characteristics of the flow. Third, and perhaps most important, neural networks offer an excellent framework for multidisciplinary design optimization. Simulation tools from various disciplines can be integrated within this framework.
Efficient use can also be made of parallel computing resources. Rapid trade-off studies across one or many disciplines can also be performed. Madavan et al. (ref. 9) have applied a neural netbased method (ref. 10, 11) to the redesign of a gas generator turbine with the goal of improving its unsteady aerodynamic performance. The turbine chosen was the first stage of a two-stage configuration characterized by high turning angles and high specific work per stage (ref. 12). Although the turbine was designed to operate in the high-subsonic regime, an unsteady analysis showed very strong interaction effects including an unsteady shock in the axial gap region between the stator and rotor rows. The authors' goal in this effort was to reduce the strength of this shock by optimizing the airfoil geometries thereby improving the unsteady aerodynamic performance of the turbine. Since the shock could only be discerned by an unsteady aerodynamic analysis, a time-accurate NavierStokes solver (ref. 13 ) was coupled to the neural net-based optimizer. The neural net-based optimization method yielded a modified design that was very close to the reference design and achieved the same efficiency and work output but eliminated the shock and thus exhibited better unsteady aerodynamic performance.
This paper deals with the application of the design optimization method of Rai and Madavan (ref. 11) to the redesign of a transonic turbine stage. The design goal is to improve its unsteady aerodynamic performance by weakening the shocks in the stage and thus reducing their effect on turbine aerodynamics. As in Madavan et al. (ref. 9 ) the tangential force on the rotor is constrained so that it does not decrease during the optimization process. Details regarding the redesign procedure and the results obtained are discussed in the following sections.
The Reference Design
The single-stage turbine geometry that is considered for redesign in this study is based on the transonic turbine investigated in Rao and The radius of the trailing edge circle and the axial chord for both the stator and rotor airfoils were not changed during the redesign process. The axial gap between the stator and rotor rows was also left unchanged.
The Design Procedure
In this paper we use our neural net-based turbomachinery airfoil design procedure to improve the reference design by successfully mitigating the effects of the unsteady shocks. We accomplish our redesign objective by optimizing the shape of the airfoils. Our purpose is to demonstrate the capabilities of our method for design in an unsteady flow environment and also to show the advantages of capturing the relevant flow physics using high-fidelity unsteady simulations in the optimization process.
Airfoil Geometry Parameterization
Geometry parameterization and prudent selection of design variables are among the most critical aspects of any shape optimization procedure. Since this study focuses on airfoil redesign, the ability to represent various airfoil geometries with a common set of geometrical parameters is essential. Variations of the airfoil geometry can be obtained then by smoothly varying these parameters. Geometrical constraints imposed for various reasons, structural, aerodynamic (e.g., to eliminate flow separation), etc., should be included in this parametric representation as much as possible. Additionally, the smallest number of parameters should be used to represent the family of airfoils.
The method used for parameterization of the airfoil geometries is described in Rai and Madavan (ref. 11 ) and is reviewed here for completeness, I. The leading edge is constructed using two different ellipses, one for the upper surface and one for the lower surface. The eccentricity of the upper ellipse and the-semi-minor axes of both ellipses are specified as geometric parameters (e,, t,, and tI ). All other related parameters can be determined analytically. The major axes of both ellipses are aligned with the tangent to the camber line at the leading edge. This tangent is initially aligned with the inlet flow but is allowed to rotate as the design proceeds. The angles %, and ctt determine the extent of the region in which the leading edge is determined by these ellipses. The two ellipses meet in a slope-continuous manner.
2. The trailing edge can also be constructed in a similar manner with the major axes of the ellipses aligned with the tangent to the camber line at the trailing edge. However, in this study the trailing edge was defined using a single circle. The angles 13, and 13t determine the extent of the region in which the trailing edge is determined by this circle.
3. The region of the upper surface between the upper leading edge ellipse and the trailing edge circle is defined using a tension spline. This tension spline meets the leading edge ellipse and the trailing edge circle in a slope-continuous manner. Additional control points for the tension spline that are equispaced in the axial direction are introduced as necessary. These points provide additional control over the shape of the upper surface. The lower surface of the airfoil between the lower leading edge ellipse and the trailing edge circle is obtained in a similar manner.
A total of 12 geometric parameters were used to define the stator airfoil geometries in the current study. These parameters are listed below:
1. Leading edge and trailing edge airfoil metal angles (2 parameters). fig. 1 ) at midchord on the upper and lower surfaces (2 parameters).
2.Eccentricity of upperleading edgeellipse (1parameter

Airfoil stagger angle (1 parameter).
Since the rotor airfoil geometries are somewhat more complicated than the stator airfoil, two additional parameters were required to represent the airfoils. These parameters were the airfoil v-coordinate values at two additional points on the suction surface of the airfoil. An accurate representation of the stator and rotor airfoils in the reference design was obtained using these 12 and 14 parameters, respectively. Acceptable modified airfoil shapes required by the optimization procedure were obtained easily by varying some or all of these parameters.
Unsteady
Aerodynamic Analysis
Unsteady aerodynamic analyses of the turbine stage configurations required during the redesign process were obtained using the ROTOR-2 computer code (ref. 13 ). This code solves the unsteady, two-dimensional, thin-layer Navier-Stokes equations for rotor-stator configurations in a time-accurate manner. The computational method used is a third-order-accurate, iterative-implicit, upwindbiased scheme that solves the time-dependent, Reynolds-averaged Navier-Stokes equations. Details regarding the solution methodology can be found in reference 13.
The flow domain is discretized using a system of patched and overlaid grids: the grids attached to the rotor airfoils can move relative to the grids attached to the stator airfoil to simulate the rotor motion. Figure 2 also shows the grid system used to discretize the flow domain. Each airfoil has two grids associated with it: an inner "O" grid that contains the airfoil and an outer "H" grid that conforms to the external boundaries. For the analyses performed here, each inner O grid has 151 points in the circumferential direction and 41 points in the wail-normal direction. Each outer H grid has 101 points in the axial direction and 51 points in the transverse direction. For the sake of clarity, only some of the grid points are shown in figure 2.
The dependent variables are initialized to freestream values and the equations of motion are then integrated subject to the boundary conditions. The flow parameters that are specified are the pressure ratio across the turbine (ratio of exit static pressure to inlet total pressure), inlet temperature and flow angle, flow coefficient, and unit Reynolds number based on inlet conditions.
Optimization
Problem Formulation
The goal of the redesign effort is to improve the unsteady aerodynamic performance of the turbine by optimizing the shape of the stator and rotor airfoils. This is accomplished by formulating an objective function that minimizes the unsteady amplitudes _'i on the stator (or rotor) airfoil subject to the constraint that the tangential force on the rotor airfoil (i.e., turbine work output) does not decrease. The pressure amplitude r'i is used as a measure of the unsteadiness in the flow field and is defined as the difference between the maximum and minimum pressures occurring over a complete cycle at each point on the airfoil surface. For the stator airfoil, a cycle corresponds to the motion of the rotor through a distance equal to the rotor pitch. Similarly, for the rotor airfoil, a cycle corresponds to the motion of the rotor through a distance equal to the stator pitch. Thus, the pressure amplitude {'i is defined as: Figure 2 . Turbine geometry (at midspan of reference design) and computational grid used.
In the current redesign effort the goal is to improve unsteady aerodynamic performance by weakening the shocks in the turbine stage. The presence of these shocks in the reference design results in large unsteady pressure amplitudes. Thus the pressure amplitudes are directly related to the strengths of these shocks. Hence it is assumed that a reduction in the unsteady amplitudes on the stator (and/or rotor) will result in weakened shocks. The results obtained demonstrate the validity of this assumption. The unsteadiness due to potential and wake/ blade interactions between the stator and rotor airfoils will still be present since the axial gap between the stator and airfoil rows is not changed in the optimization process.
Neural
Net-Based Design Procedure
The design procedure used here is that of Rai and Madavan (ref. 11 by a unit circle.) This approach assumes that the local variation of the design objective function can be accurately represented using low-order polynomials, which is very often the case. The polynomial fit on this simplex together with the trained neural network represents a composite response surface. The optimization procedure then uses a sequence of such composite response surfaces to traverse through the design space in search of the optimal solution.
Parameter-based partitioning of the design space is accomplished in the following manner. Since the variation of the unsteady pressure amplitudes along the airfoil surfaces is typically far more complicated than the variation with small changes in geometric parameter values, a neural network is used to represent unsteady pressure amplitude variation in physical space. The three-layer neural network (with two hidden layers) shown in figure 3 is used for this purpose. The first node in the input layer is a bias node (input of 1.0). The second set of nodes are used to specify the physical location. Since we are dealing with two-dimensional geometries only, the physical location is specified by a single parameter--the axial location on the airfoil surface. Figure 3 shows a third set of input nodes that are not activated in this study, but may be used in cases where the functional behavior of the pressure amplitudes with some of the geometric parameters is "complex" and one wishes to use the neural network to represent this behavior.
Layer 1
Laver 2 Figure  3 . Schematic of the three-layer feedforward neural network used in this study.
The variation of the unsteady pressure amplitudes with the geometry parameters is approximated using simple polynomials. Since a linear variation is assumed, the points at which the pressure amplitude data are determined are located at the vertices of a simplex of dimension equal to the number of geometry parameters.
The optimization strategy used here to redesign the turbine airfoil geometry starting from the reference design can be summarized as follows:
1. Populate the design space ill tire vicinity of the reference geometry. The reference design geometry serves as the centroid of the first simplex in the optimization process. A simplex in design space is constructed around this centroid and unsteady computational fluid dynamics (CFD) analyses at each of the vertices are obtained.
2.Train tire neural networks and compute tire
polynomial coefficients to define the composite response surface. The input nodes of the neural nets will typically contain parameters that correspond to the physical location on the airfoil and those geometric parameters that give rise to "complex" surface pressure variations. The neural nets are trained and the polynomial coefficients that define the pressure variation within the simplex are computed. The trained neural networks in combination with the polynomial fit then constitute the composite response surface.
3. Search the region of the design space represented bv the composite response surface. A conjugate gradient method was used in this study to perform this constrained search. Geometrical and other constraints can be incorporated within this search procedure easily. In addition, constraints that limit the search procedure to the volume of the simplex are also incorporated in the search.
Relocate the simplex.
If the local optimum obtained in the previous step lies on the boundaries of the simplex then this point is chosen as the new centroid and steps 1-4 are repeated until the search culminates inside the simplex. However, the process can be stopped at any time when the design is deemed adequate.
Validate the design.
As a final step in the process an unsteady aerodynamic analysis is carried out for the geometry corresponding to the optimal design to determine the adequacy and quality of the design.
Implementation Details
The optimization procedure was initiated from the reference design. The process focused initially on the aft portion of the stator airfoil. Although 12 geometric parameters were used to represent the stator airfoil, only 5 of these parameters were considered in order to obtain the modified design.
These were the angles defining the extent of the trailing edge circle (2 parameters), the airfoil midchord v-coordinate values on the upper and lower surfaces (2 parameters), and the stagger angle (1 parameter). A linear variation of the objective function with respect to the geometric parameters was assumed, resulting in a five-dimensional simplex (with six vertices) at each design optimization step. The process of constructing new simplexes and searching for the local optimum was repeated twice to arrive at the modified design of the stator airfoil. An additional optimization step was then performed where the rotor airfoil was modified.
Unlike the stator geometry modification, the process focused on the leading edge of the rotor airfoil. Five parameters that define the rotor leading edge were considered. These parameters were the airfoil thickness values at the leading edge (2 parameters), airfoil leading edge metal angle (1 parameter), and the angles defining the extent of the leading edge ellipse (2 parameters).
Each of the six 3-layer nets (representing the six vertices of the simplex) had two input nodes, one for the bias and one for the axial location, and one output neuron. Both the first and second hidden layers had 15 neurons each for a total of 270 connection weights. Thus, the total number of connection weights for all six nets was 1620. During the training process the training error .was reduced by about four orders of magnitude from the initial value.
Results
The neural net-based design method was used to optimize the unsteady performance of the reference turbine. Both the stator and rotor airfoil geometries were modified in the process. The optimization yielded stator and rotor airfoils that were very similar to the reference airfoils. However, the flow through the optimized turbine stage was found to be much more quiescent and the shocks were weaker. A comparison of the optimized design with the reference design is presented in this section. 
Comparison of Airfoil Geometries for
Reference and Optimized Designs
Static Pressure
Variation on Airfoils Figure 6 shows the time-averaged static pressure distribution on the stator airfoil. The reference pressure, p,, ,.,,f, in this case is the total pressure at the stator inlet. The static pressure is time-averaged over a stator cycle. In the optimized design, the loading in the trailing edge region has decreased and the loading in the mid-chord region has increased. The tangential force on the stator is almost identical for both the reference and optimized designs. Thedistribution of time-averaged pressures on the rotor airfoils is compared for the reference and optimized designs in figure 7 . The reference pressure, Pt, re/" in this case is the total pressure at the inlet to the stator, and the time-averaging is performed over one rotor cycle. In the optimized design, the loading in the leading edge region has been reduced and the loading in the midchord region has increased. As in the case of the stator, the tangential force on the rotor airfoil is almost identical for the reference and optimized designs. This is achieved by imposing the constraint that the tangential force on the rotor airfoil cannot decrease during the optimization process. This constraint was imposed using a penalty function approach. A second feature of interest is that for the optimized design the magnitudes of the suction and pressure side overspeeds near the rotor leading edge have been equalized. This balance is a desirable feature that designers seek to achieve in turbine design. It is interesting to note that the optimization process achieves this balance as a matter of course in the context of unsteady flow.
While the original design guideline was based on experience with steady flows, the results obtained here indicate that it may also be applicable to highly unsteady turbine flows. Of course, consideration of any required off-design operating conditions may change the optimum design point distribution of suction and pressure side overspeed.
It is noted here that while off-design operation is an important consideration in the design, the current study focuses only on optimizing the geometry at the design point. The present design method can be used for design optimization in the context of multiple operating points.
The unsteady aerodynamic performance of the first stage of a gas generator turbine was optimized by Madavan et al. (ref. 9) . Although the turbine was originally designed to operate in the high-subsonic regime, it showed very strong interaction effects including an unsteady shock in the gap region between the stator and rotor rows. The neural netbased optimization method yielded an optimized design that was very close to the reference design and achieved the same efficiency and work output but eliminated the shock and thus exhibited better unsteady aerodynamic performance.
Although the reference designs and flow parameters for the current turbine and the gas generator turbine (ref. 9) are quite different, there are some similarities in the changes to the designs obtained as a result of the optimization process. In both cases, the latter half of the suction side of the stator is not as curved and the location of the airfoil crown moves away from the leading edge. This results in lowered peak Mach numbers on the suction side very near the trailing edge thus resulting in a weakening of any shock(s) that may be present in this region. Additionally, the loading in the trailing edge region of the stator was reduced and the loading in the midchord region was increased. In both turbines, the loading in the leading edge region of the rotor was reduced. These changes in the geometry and the mean flow substantially reduced the unsteady effects in both cases.
Instantaneous Pressure Contours in the Flow
Figures 8 through 19 compare the instantaneous pressure contours for the reference and optimized designs. In discussing these figures, we will focus on the rotor airfoil marked 3 and the stator passage between stator airfoils marked 1 and 2. The periodicity boundary condition used in these computations implies that the flow associated with stator 1 is identical to that of stator 3. Similarly, the flow associated with rotor 1 is identical to that of rotor 4. Figures 8 and 10 show instantaneous pressure contours for the reference and optimized designs, respectively, at the time instant t = 0,0. Both figures show two trailing edge shocks emanating from statot 1. The upper trailing edge shock crosses the gap region and impinges on the rotor airfoils. The lower shock is weaker than the upper shock. It impinges on the suction surface of the adjacent stator (stator 2) and is then reflected. This phenomenon is not easily discernible in the figure but can be seen when the number of contours is increased substantially. This reflected shock subsequently crosses the axial gap to impinge on the rotor airfoils. The upper trailing edge shock of the optimized design is weaker than that seen in the reference design. This results in lower pressure amplitudes on the rotor surface.
A second phenomenon of interest is the formation of a reflected shock that is caused by the impingement of the upper stator trailing edge shock on the rotor surface. Figures 8, 9 , 12, 13, 16, and 17 show the pressure contours in the reference design at different instants in time. Figures 10, 11, 14, 15, 18, and 19 show these contours in the optimized design at the same instants in time. The formation of the reflected shock and its motion is apparent from these figures (as indicated by the solid arrows). It impinges on the stator suction surface and is once again reflected back towards the rotor airfoils. This reflected shock causes large vibratory loads on the stator. From figures 8 through 19 we see that the optimized design generates a much weaker reflected shock than the reference design. This results in lower pressure amplitudes on the stator surface. Figures 9 and 12 show an additional shock (marked by the dotted arrows) that emanates from the vicinity of the trailing edge of stator 1 on the pressure surface and impinges on the suction surface of stator 2. This shock is only discernible in the reference design and not in the optimized design.
Another feature of interest in figures 8 through 19 is the rotor trailing edge shock. This shock is for the most part unchanged by the optimization process. shows that shape optimization of the airfoils leads to a reduction in peak amplitude of about 40%. The reduction of unsteady effects in the optimized design is due primarily to the weakening of the upper stator trailing edge shock. The unsteadiness due to potential and wake/blade interactions between the stator and rotor airfoils continues to be present since the axial gap between the stator and rotor airfoils was not changed in the optimization process. The peak amplitude for the optimized design is 0.32.
Unsteady
Boundary
Layer Separation on Rotor Suction Surface Giles (ref. 5) notes that the unsteady shocks that interact with the rotor airfoils cause temporary leading edge separation on the rotor suction surface. Figure 22 shows the minimum value of the axial velocity (over a cycle) one grid point away from the rotor surface for the reference and optimized designs. This suction side flow separation is nearly eliminated in the optimized design. This demonstrates that the optimization process yielded better flow quality in the vicinity of the rotor leading edge on the suction surface
Assessment of Optimized Turbine Design
The main objective of this paper is to demonstrate that a systematic application of an aerodynamic design optimization method to a transonic turbine can enhance its unsteady aerodynamic performance. The instantaneous pressure contours shown in figures 8 through 19, the airfoil surface pressure amplitude distributions shown in figures 20 and 21, and the streamwise velocity variation at the rotor airfoil surface shown in figure 22 indicate the improvement in aerodynamic performance obtained by shape optimization of the airfoils. The reductions in unsteady pressure amplitudes were obtained without decreasing the tangential force on the rotor airfoils or the work output of the turbine. The flow angles and Mach numbers at the exit to the stator and rotor are nearly the same in the reference and optimized designs. Table 2 summarizes the uncooled stage efficiency and the inlet, midgap, and exit flow conditions for the reference and optimized designs.
The uncooled stage efficiency of the optimized design was nearly identical to that of the reference design. One would expect an increase in efficiency because of the weaker upper stator trailing edge shock in the optimized design. However, the fact that the efficiency is unchanged is not surprising because the stator exit Mach number is about 1.12, which is very close to unity, and the upper stator trailing edge shock is weak even in the reference design. It is possible that the optimization process could lead to designs with significantly improved efficiency or work output when app!ied to turbine configurations with higher operating Mach numbers. 
Concluding Remarks
This paper demonstrates that a systematic application of a new aerodynamic design optimization method to a transonic turbine can enhance the turbine's unsteady aerodynamic performance without increasing its size or reducing its efficiency and work output. The design method used incorporates the advantages of both traditional RSM and neural networks. It employs a strategy called parameterbased partitioning of the design space and uses a sequence of response surfaces based on both neural networks and polynomials to traverse the design space in search of the optimal solution. This approach results in response surfaces that have both the power of neural networks and the economy of low-order polynomials (in terms of number of simulations needed and network training requirements).
The proximity of the rotor and statot rows and impingement of the stator trailing edge shocks on the rotor airfoils results in strong rotor-stator interaction effects. Hence the use of a simulation code that can accurately compute unsteady flow in a turbine stage was necessary for the redesign effort.
The application of this design method to a transonic turbine yielded a new design with a slightly different geometry. Results shown in this paper indicate that the unsteady stator trailing edge shock in the reference design has been weakened in the optimized design. This leads to lower unsteady pressure amplitudes on the airfoil surfaces and improved aerodynamic performance. These reductions in unsteady pressure amplitudes were obtained without decreasing the tangential force on the rotor airfoils or the work output of the turbine. The uncooled stage efficiency for the optimized design was nearly identical to that for the reference design. These results demonstrate the capabilities of the neural net-based design method in an unsteady flow environment.
The results presented in this paper add to the successful application of the neural net-based method to design in a steady flow environment (ref. 10, 11) and demonstrate the versatility of the method. While we have used specific design problems as examples to illustrate the strengths of the method, it is becoming increasingly evident that the method can be applied to a wide range of turbomachinery and other general design problems.
